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INTRODUCTION 
The coefficient of thermal expansion is one of the 
experimental tools for studying the properties of solids. 
At low temperature this thermal expansion must approach zero, 
as required by the third law of thermodynamics, but the exact 
functional dependence with which this limit is approached 
depends on the material studied. Depending on the point of 
view, a study of low temperature thermal expansions provides 
insight into the anharmonicity of lattice binding forces, the 
equation of state, or the vibrational frequency spectrum of 
the solid. 
The thermal expansion of solids may be estimated over a 
wide range of temperatures with the aid of the Grueneisen 
relation: 
ft _ ^ ^v 
Kt V 
where /3 = i is the volume coefficient of thermal 
expansion, Cv is the specific heat at constant volume, V is 
the molar volume, and K^. is the isothermal compressibility. 
The Grueneisen constant V experimentally is found to be of 
the order of 2 for most solids. 
Since and V are almost independent of temperature, the 
temperature dependence of y3 Is roughly that of the specific 
heat. Cv may be estimated at low temperatures by the Debye 
approximation for lattice specific heat: 
uL = w u v î'/Wq) ergs/deg-cm 
where K is the number of atoms per unit volume and k is 
Boltzman1s constant. For s typical element for which 0^ = 
300°K and K^, = ^ x 10™"^, one would predict a low temperature 
thermal expansion coefficient of about /3 = 4 x 1CT® T'^ deg-"^ • 
Therefore, just to see the linear thermal expansion of s 
o o 
10 cm length of such sample between 3 and 4 K, one must 
detect a length change of the order of 1 angstrom. 
Over the last few years a number of different principles 
for thermal expansion measurement have been used. 
The use of an optical interferometer is an obvious choice 
(1, 3). Interference fringes are produced by partially 
reflecting surfaces fastened to the ends of the sample. 
Expansion of the sample produces movement of the fringe pat­
tern. Since motion of 1/100 of a fringe corresponds to ex­
pansion of the order of £5 angstroms, this method is not 
useful at temperatures below 0^/30 for most materials. 
X-rays provide an extremely accurate method for deter­
mining lattice spacing. However, expansion measurements by 
this method require taking the difference between measured 
spacings at two temperatures. A precision of one part in 10® 
is necessary to detect the changes in lattice spacing due to 
thermal expansion at temperatures near 6^/20 (4). Thus, this 
method is difficult to use in the very low temperature region. 
Another optical method uses an auto-collimator to detect 
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the changing "ciix or a mirror mounted, between the expansion 
sample arid a reference material. The limit of resolution of 
the auto-collimator, 0.-3 seconds of arc, corresponds to about 
30 angstroms expansion for a 5 cm sample (5). 
The expansion of e sample has also been used to vary the 
dimensions of a simple capacitor. One end of the sample can 
be fastened to material supporting one surface of the capaci­
tor; the other end moves the second surface• The resulting 
change in capacitance can be measured in two different ways. 
In one of the first and ûost often quoted studies of low 
temperature expansion, this capacitance change was measured 
by including the capacitor in the tuned circuit of an oscil­
lator (6). Measurements of the oscillator frequency, when 
calibrated, detected the expansion. Once again, the practical 
lower temperature limit was about Qq/20. 
Measurement of the capacitance change by means of a 
capacitance bridge provides one of the most sensitive methods 
for measuring low temperature thermal expansion now in use. 
The detection of sample length changes of 3e ss than one 
angstrom is possible by this method, with the major limita­
tions being given by the stability of the reference capacitors 
and the accuracy of the calibration (7). The sensitivity is 
such that most materials can be measured at temperatures 
extending into the liquid helium range, Oy/lOO. 
Experimental precision in the fractional angstrom range 
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also can be obtained by measuring the change in light trans­
mission through two fine grids as their relative position is 
changed by the expansion of the sample. The two grids, or 
coarse gratings, are identical except that one is discon­
tinuous in the middle by one half of the grid spacing. There­
fore, if over one half of their area the two grids are matched 
up line for line, the remainder of their area is aligned line 
for space. As the grids a.ove, the transmission through one 
half decreases, while that through the other half increases. 
A differential photocell amplifier is used to detect the 
motion (8). 
A modification of the above principle uses a tilting 
mirror to shift the optical image of one grid i-'lth respect to 
the other instead of moving the grid itself. The "mechanical 
advantage" of this optical lever increases the sensitivity. 
Detection of an expansion of 10-"*"^ cm of a. sample tilting the 
mirror is claimed (8), but this method has not yet been applied 
to low temperature thermal expansion measurements. 
In the present work, a new principle was developed for 
detecting the microscopic changes in length produced by-
thermal expansion at low temperatures. This technique used 
as a sensor an air core variable transformer consisting of 
two coaxial coils of wire. The mutual inductance of the colls 
was zero when the secondary was centered within the primary 
and varied linearly with axial motion of the secondary. 
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Measurement of the mutual Inductance by s bridge technique 
detected changes in relative position of the coils to a pre­
cision of about 1/2 angstrom. This method, then, is compar­
able in sensitivity to the best presently in use. It has 
advantages over most other methods in directness of calibra­
tion and simplicity of sample preparation. 
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APPARATUS 
The apparatus for applying the mutual inductance tech­
nique to a measurement of low temperature thermal expansions 
may be divided into two categories: electrical and mechani­
cal . The electrical system, consisting of the variable trans­
former and the mutual inductance bridge, measured the change 
in mutual inductance produced by changes in the relative posi­
tion of the transformer coils. The sensitivity of this 
measurement depends on the design of the transformer and the 
bridge, the input power, and the noise, both random and non-
random, whicn can hide the desired signal. The accuracy of 
the measurement is determined by the sensitivity, calibration, 
and drift (slow noise) of the system. 
The application of the electrical measurement to the 
study of low temperature thermal expansions requires the 
mechanical connection of the sensing coils to a sample at low 
temperature. Immersion of the sensing system in superfluid 
liquid helium eliminated unwanted temperature changes or 
gradients and prevented the occurrence of bubbles which might 
cause vibration. An evacuated sample chamber with a flexible 
window and low conductivity end pieces for the sample per­
mitted the expansion motion to be transmitted mechanically to 
the coils when the sample temperature was changed. The flex­
ible window necessitated the precise regulation of the pres­
sure on the sample chamber to avoid compression of the sample. 
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A special pressure regulator was built for this purpose. 
Variable Transformer 
The variable transformer used to convert microscopic 
motion into a measurable change in mutual inductance is shown 
in Fig. 1. The central coil on the outer (primary) coil form 
is wound oppositely from the end two. This accomplishes two 
related purposes. First, the coil is astatic with respect to 
distant field sources. That is, the equal number of turns in 
each direction provides no net flux linkage with parallel field 
lines. Similarly, the end coils tend to. reduce the external 
field of the transformer. This in turn reduces the effect of 
nearby magnetic or conducting objects on the fields within the 
transformer. The inner (secondary) coil has two sections 
which are wound in opposite directions. Again, the coil is 
astatic to remote sources; and one sees from the symmetry of 
the system that the net flux linkage between primary and 
secondary coils is zero when the inner coil is centered in 
the outer one. 
It was necessary that one coil be constrained to move 
reproducibly and without friction within the other. The 
solution to this problem was found in the use of small strips 
of brass shim stock 1/8 by 1/2 in. and 0.003 in. thick. These 
were fastened to the coil forms like hinges, two at the top 
and one at the base. After adjustment by trial and error 
Fig. 1. Variable transformer used to sense low temperature 
thermal expansion 
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until no buckling or twisting could be observed, these flex­
ing hinges allowed, the inner coil to move smoothly parallel 
to the axis of the outer coil. The upper two strips also 
served as electrical connections to the inner coil. 
Motion of the divided secondary within the primary will 
produce a change in their mutual inductance whenever the field 
at the division point is different from that at the ends of 
the coil. For a quantitative estimate one can neglect end 
effects and assume an "infinite solenoid" field over the 
length of the central primary coil winding and zero field 
elsewhere. The field at the division of the secondary pro­
duced by a primary current of I amperes is then: 
B = JUL0n^ I = 4 1T x 10"S henry cm~^  x I x 2500 turn cm-"*" 
= 3 I x 10"" henry/cm^  , 
where n1 is the primary turns density. If the secondary turns 
density is ng (= 2000 turns/cm) and the secondary coil moves 
1 cm lengthwise with respect to the primary, a number of turns 
ng wound one direction enter the uniform field while an equal 
number of opposing turns leave. The rate of change of the 
flux linkage as the coils move is therefore : 
d0/dx = 2 A 3 n£ , 
where A is the cross-sectional area of the secondary. Sub­
stitution of approximate values and division by the primary 
current gives: 
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( 1/1 ) d0/ax =  ^x 2 cm*' x 3 x 10-i? henry cm-i x 2000 turn cm"*"*" 
= 0.&4 henry/cm , 
as the mutual inductance sensitivity of the variable trans­
former. 
For the coils used this was experimentally measured and 
was found to be 0.32 henry/cm. Therefore, one angstrom of 
relative motion of the coils produced a change in mutual 
inductance of 3.2 x 10~® henry. 
Mutual Inductance Bridge 
The mutual inductance (MI) bridge to be used with these 
coils to measure their motion must therefore be able to detect 
MI changes of the order of 3 x 10-" henry over a range of 
about 1.5 x 10~® henry (corresponding to 500 angstroms). The 
word changes should be re-emphasized, since it permits great 
simplifications from the design of a bridge used for an abso­
lute measurement. The type of bridge used in the experiment 
is shown in Fig. 2- The external MI is "measured" by adjust­
ing the opposing, calibrated MI of the bridge until a null in 
the secondary current is observed. The internal and external 
mutual inductances are then equal. Unfortunately, the mutual 
inductances are in general complex in the electrical sense; 
that is, the voltage induced in the secondary circuit may not 
differ in phase from the primary by exactly 7T/2, as would 
be the case for a pure mutual inductance. This is most often 
Fig. &. Mutual inductance bridge circuit 
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caused by eddy currents induced in any nearby conducting mate­
rial by the primary field. These currents lag the primary 
field by about Tl/S because the material is largely resistive 
in character. Therefore, these eddy currents induce in the 
secondary circuit a voltage which lags by another IT/£, and 
thus lags behind the primary by IT . Compensation for this 
"resistive" component of mutual inductance is obtained in the 
bridge cy adding into the secondary an adjustable amount of 
voltage ta-ien from a resistor in series with the primary. The 
"inductive" and "resistive" components can be balanced indi­
vidually when a phase sensitive null indicator, such as an 
oscilloscope with its trace synchronized to the primary 
voltage, is used. The bridge circuit shown is suitable only 
when the resistive component is quite small. 
The mutual inductance bridge constructed for this experi­
ment was similar in many respects to that discussed by Jen­
nings (10). The arbitrary basic unit of mutual inductance was 
chosen to be that produced by a 200° rotation of the contacts 
of the variable inductor drawn in Fig. 3 and photographed in 
Fig. 4. This unit was about 0.17 microhenry and was known 
as the "turn". Fig. 3 also shows the electrical circuit of 
this inductance wheel. The mutual inductance is proportional 
to the pie-shaped area included in the primary circuit, ana 
is therefore a linear function of the angular position of the 
contact. The windings on the two faces of the wheel are seen 
Fig. 3. Dimensions and circuit of the variable mutual inductor 
SECONDARY 
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ROTOI 
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Fig. 4a. Top view of mutual inductance bridge 
Fig. 4b. Bottom view of mutual inductance bridge 
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to oppose each other. The wheel therefore is astatic, since 
parallel external flux lines must pass through both, opposing 
loops. The field from each part of the primary loop links 
the loop of the secondary lying in its own plane only slightly 
more tnan the opposing loop on the other wheel face. It is 
this property which allows motion of the contacts to produce 
a change in mutual inductance of only about 1 x 10™"® henry 
per degree rotation. This sensitivity could be increased 
still more by making the wheel thinner (ll), but correspond­
ingly greater care in making the windings parallel and coaxial 
would be necessary if linearity v.ere to be maintained. 
Other calibrated parts of the bridge were built up in 
units of the wheel "turn". Two mutual inductance "lumps" 
consisting of a few primary and secondary loops of wire were 
adjusted to be equal to 1 and 3 "turns" respectively. These 
were put on lever, rotary switches (toggle switches proved 
unsatisfactory) which added, bypassed, or subtracted their 
values from the circuit. This extended the calibrated range 
of the bridge to 9.8 "turns". Such additional MI "lumps" can 
be put into the circuit by either (+), (0), (-) or by (+), (-) 
switching. The former system was chosen for its greater range 
extension per switch (3n compared to 2n), but greater care was 
necessary to avoid stray mutual inductance and to allow no 
change in total primary resistance in the "0" position. A 
third mutual inductance "lump", worth 144 "turns", was built 
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up by successive steps on a larger variaole inductor. This 
was used in the calibration of the variable transformer, as 
described in another section. 
Also included in series with the calibrated part of the 
bridge was a larger continuously variable mutual inductance 
which extended the total bridge range to 1.5 x 10~4 henry 
(about 800 "turns") each side of zero. The coaxial, screw 
driven motion of this inductor actually made it adjustable to 
_p 
within 10 turns, but its nonlinearity and large amount of 
backlash made it unsuitable for precise measurement. It was 
used only to position the calibrated portion of the range and 
remained untouched, isolated in its own insulated box, 
throughout most of any run. The photo graph, Fig. 4, shows 
it behind the board mounting the calibrated portion of the 
bridge. 
Calibration 
The calibration of a system for the measurement of small 
motions is not a trivial matter because movements of the 
sensor large enough to be measured accurately by ordinary 
? 
methods are of the order of 2 x 10 times the required least 
count of the system. Linearity of a sensor sufficient to 
allow this order of extension is not common, but such linear­
ity is a property of the mutual Inductance method. Thus it 
is possible to calibrate the variable transformer directly by 
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systematic extension of the bridge and. a "bootstrap" method 
of adding microscopic displacements into a measurable dis­
tance . 
The range of the bridge was extended in the following 
manner. A new mutual inductance "lump", calculated to be 
about 72 "turns" and slightly adjustable, was wired into the 
bridge with a (+), (0), (-) switch. An easily variable mutual 
inductor with a reversing switch replaced the variable trans­
former as the external circuit. The series circuit then con­
sisted of two variable inductors (one internal and one exter­
nal), a calibrated 3 "turn" lump, a 72 "turn" lump (to be 
calibrated) and, of course, a balance detector. The steps 
toward accurate calibration of the 72 "turn11 lump may be fol­
lowed with reference to Table 1. Before starting, the switch 
for the new "lump" was set at the "0" position (bypassing it) 
and the external inductor was set to zero mutual inductance 
by adjusting it until reversing its polarity did not change 
the bridge balance• Then, first, with the "311 switch "+ " the 
bridge was balanced by adjusting the internal variable in­
ductor. Second, the "3" switch was flipped "-" and the bridge 
was rebalanced with the external inductor. Then the "3" 
switch was flipped "+" again and the bridge was rebalanced 
with the internal inductor. This process stored exactly six 
"turns" in the external inductor. After this sequence had 
been repeated five more times, storing 35 "turns11 in the 
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Table 1. Steps to calibrate 72 "turn" inductor 
"3" lump 
Internal 
indue tor 
External 
indue tor 
"72" lump 
Sum 
Step # ^ y 
0 1 2 3 4 5 11 12 13 
1 > 
0 +3 —3 +3 -3 +3 +3 -3 -3 
0 -3 -3 -9 -9 -15 -33 -33 -33 
0 0 +6 + 6 + 12 + 12 + 30 +36 —36 
0 0 0 0 0 0 0 0 + 72 
0 0 0 0 0 0 0 0 0 
external inductor, the polarity of the external inductor was 
reversed. This time the bridge was balanced by switching in 
and adjusting the new 72 "turn" lump. The entire process was 
then reversed to chec& the setting. Any fractional error in 
the value of the "3" lump was transferred to the 72 "turn" 
value as the same percentage error. Intermediate balance 
errors were less than 0.003 "turns" and presumably random. 
The overall extension of the bridge range was therefore 
144 +0.5 "turns". This corresponded to roughly 0.8 microns 
motion of the variable transformer coils. 
Measurement of the small transformer motions was made 
with an interferometer, Fig. 5. A 1 in. diameter quartz tube 
connected the outer transformer coil with the interferometer 
case. The upper optical flat was supported from the case by 
Fig. 5. Interferometer assembly for calibration of the 
variable transformer 
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tnree invar adjustment screws. The lower optical flat was 
supported by a small quartz tube resting on the inner coil, 
with two thin strips of brass shim stock acting s  s hinges to 
maintain its balance. A slow speed, reversible servo-motor 
moved the inner coil by driving a micrometer barrel, two 
levers in series, a long 1 mm diameter quartz rod, and a third 
lever. The optical flats were illuminated with mercury green 
line light (wavelength 0.5461 microns)• The optical flats were 
adjusted until a few parallel interference fringes were vis­
ible in the field of the low power telescope used to provide 
a crosshair. As the inner coil moved, the fringes glided 
past the crosshair, one dark dringe for each half wavelength 
(0.273 microns) of coil motion. Thus, the size of the 
largest lump on the bridge, 144 "turns", corresponded to 
just over 3 fringes. Since fringe motion could be estimated 
to no better than 1/8 fringe, a range extension procedure 
was required, similar to the inductance method used to extend 
the range of the bridge. With the bridge variable inductor 
at one extreme, the bridge was balanced by adjustment of the 
variable transformer, and the fringe position was noted. The 
72 turn switch was flipped from (-) to (+) end the bridge was 
rebalanced by moving the variable transformer while the fringe 
motion corresponding to this 144 turn mutual inductance change 
was recorded. The 72 turn switch was then returned to its 
starting position, but this time the rebalancing was done with 
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une internai inauctor. This process was repeated, until the 
internal variable inductor range was exhausted, usually 7 
flips or 22 fringes; then the procedure was reversed back to 
the starting point. Estimation of the fractional fringe 
passage was necessary only at the extremes. For the inter­
mediate points it was necessary only that the position be 
constant while the bridge was rebalanced. Errors in rebal­
ancing, other than mechanical instability, were small and 
random. The motion measurement error was about 1/4 fringe 
out of 22, or about 1%. Errors from twisting or non-vertical 
motion of the lower optical flat and from the bridge range 
extension procedure should not exceed another ~L%. Therefore, 
the overall calibration error should not exceed Z%. 
Calibration runs were made at room temperature, and with 
the variable transformer submerged in liquid nitrogen. Since 
the variation of temperature between these extremes made no 
noticeable change in calibration, it was assumed that the 
smaller dimensional changes between 77°K and 2°K also would 
not affect the calibration. The coil form material was 
checked for magnetic susceptibility irregularities down to 
4°K and none were found. Therefore, no calibration was made 
with the transformer under liquid helium. 
The effects of glass dewers, metal dewars, and different 
frequencies also were studied. Eddy currents in the metal 
dewar decreased the sensitivity by about 1%. Frequency 
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effects were somewhat more serious with the 2UUU cps calibra­
tion about 6% lower then that at 255 cps. The thermal expan­
sion measurements were made at 255 cps with the variable trans­
former at 1.9°K; the £55 cps, 77°K, metal dewar calibration 
value of 61.7 + 1 A/turn was applied to all data. 
Sample Chamber 
The object of the sample chamber design, Fig. 6, was to 
provide thermal isolation of the sample and to permit at the 
same time direct mechanical contact to the sample ends. This 
mechanical contact was necessary to transmit the thermal 
expansion motion to the measuring coils. The thermal isola­
tion allowed the variable transformer and all support and 
reference members to be held at constant temperature by 
immersion in the helium bath. The helium bath was cooled 
below the X point so that no thermal gradients could exist. 
This permitted an absolute, rather than relative, expansion 
measurement. 
Heat loss by radiation was not significant. Gaseous 
conduction losses were eliminated by evacuating the sample 
chamber. This was done by flushing the chamber at room 
temperature with pure nitrogen gas, pumping a rough vacuum 
on it, and sealing off the chamber by softening and drawing 
off the glass pumping line - During the run, liquid helium 
surrounding the chamber froze the remaining nitrogen to the 
Fig. 6. Sample chamber 
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wails. 
Heat loss by conduction was more difficult to contend 
with because of the requirement for mechanical contact to the 
sample ends. The solution was found in the use of synthetic 
sapphire end pieces for the sample. Synthetic sapphire has 
in itself a very high thermal conductivity; but, because of 
its extreme hardness, junctions between sapphires offer high 
resistance to heat flow (13). Therefore, the temperature 
gradient occurs in a region of nearly zero thickness, and the 
material on each side of the junction may be considered to 
be gradient free. 
A sapphire disc 1 mm thick was glued ( G-.E. 7031 adhesive) 
to each end of the sample. The bottom disc, which had had an 
indentation ground in it by an ultrasonic drill, rested on a 
1/16 in. sapphire ball. The ball rested on a piece of copper 
which extended through the chamber base plate to contact the 
helium bath directly. The sample thus we s supported firmly 
from the base plate; and its supports, up to and perhaps in­
cluding the ball, remained at the temperature of the bath. 
At the top, the sapphire disc contacted another polished disc 
which was glued to the flexible diaphragm. This 0.002 in. 
thick mylar diaphragm allowed about 1/2 mm motion along the 
sample length but provided firm support against sidewise 
motion. Armstrong A4 cement (epoxy) made a vacuum tight seal 
between the mylar and the chamber vacuum can. Mylar was 
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chosen ior tine diaphragm because it was flexible ana vacuum 
tight at low temperatures. Its transparency aided in the 
assembly of the chamber. The brass insert served both to 
decrease the diephragm area and to furnish a gluing surface. 
The sample chamber base was fastened to the variable 
transformer outer coil by three brass rods, Fig. 7a. The 
topmost sapphire was connected to the inner coil by a 2 mm 
diameter quartz rod spacer. The length of the sample there­
fore mechanically determined the relative position of the 
variable transformer coils. A beryllium copper spring on the 
outer coil pressed on the inner coil form to spring load the 
spacer and all the sapphire junctions. For some runs a small 
hole was cut in the center on the my1er diaphragm to allow the 
spacer to touch the topmost disc directly, but this precaution 
against mylar compression proved unnecessary. 
When samples were changed, the sample chamber length 
could ce adjusted by warming the Wood's metal seal to the 
brass sleeve. Different length quartz spacers could be sub­
stituted and small adjustments were made by changing the 
position of the nuts on the brass rods and the adjustment 
screw in the base of the inner coil form. Two sample chamber 
shells were used; one for 9 to 13 cm length samples, the other 
for 12 to 17 cm length samples. The sample ends had to be 
approximately square, but otherwise the shape and dimensions 
were limited only by the chamber shell. The samples actually 
Fig. 7a. Sample chamber mounted below the variable 
transformer 
Fig. 7b. Sample chamber open to show sample and resistance 
thermometer 
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used (see discussion elsewhere) were, however, uniformly 
1/4 inch in diameter. 
A 9-pin electrical connector mounted in the chamber base 
plate provided connections for the heater, thermocouple, and 
resistance thermometer. 
The sample heater, 30 ohms of #40 mangenin wires, was 
wound and glued directly on the sample. A tighter spiral was 
used near the ends in anticipation of greater heat loss there. 
Adequately stable temperatures resulted from uniform power 
input without electronic feedback, or other devices. The 
heater current supply, Fig. Sa, provided a choice of two power 
settings. One potentiometer remained at the power setting 
corresponding to a reference temperature, usually near 3°K; 
the other provided variable power to reach selected higher 
temperatures. The use of a reference temperature 1°K above 
the bath temperature reduced the time required to reach 
reference equilibrium before and after each higher tempera­
ture reading. The provision for the taking of data by bypass­
ing part of the sample heater provided an experimental check 
on the importance of sample temperature gradients. For the 
high conductivity samples used, calculations showed a neg­
ligible temperature gradient even if the total power were 
assumed to travel the full sample length. A typical heater 
power requirement was 10 mw at 10°K and was proportional to 
T3, as expected for losses (13) through the sapphire-sapphire 
Fig. 8a. Sample heater current supply 
tig. 8b. Thermocouple selector and bucking voltage circuit 
36 
SAMPLE HEATER CIRCUIT 
So 
30 a : 
SAMPLE 
HEATER 25 A 
HELIPOTS 
THERMOCOUPLE SELECTOR 
COMMON 
3.39 K A 
25 A 
EL1P0" BATH TC. 
SAMPLE TC. 1.35 V 
MICROVOLT 
INDICATING 
AMPLIFIER 
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junctions. 
A second heater was located in the helium bath near the 
chamber and was powered by a circuit similar to that used for 
the sample. Total power put into the dewar was maintained 
constant by dividing a chosen constant power value between 
sample and bath heaters. When the sample was warmed, the 
power put into the bath heater was correspondingly decreased; 
then both heaters were returned to their reference temperature 
settings. The constant evaporation rate thus obtained was 
necessary for stability of the variable transformer reading. 
The sample temperature was continuously monitored with 
a gold-cobalt to copper differential thermocouple which was 
fastened to the sample and to the chamber base. Ko particular 
effort was made to avoid thermals in the thermocouple leads, 
but the chief reason for mistrusting the thermocouple readings 
was given by its changeable calibration compared with the 
germanium thermometer. The circuit in Fig. 8b provided for 
voltage reversal and for the addition of a stable, approxi­
mately calibrated voltage to the thermocouple value. The 
bucking voltage was used to extend the 2000 microvolt range 
of the indicating amplifier to cover the 6500 microvolt signal 
from a copper-constantan thermocouple between the bath and 
room temperature. This latter thermocouple was a great con­
venience during the cooldown phase of the experiments. 
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Germanium Resistance Thermometer 
A germanium resistance thermometer (supplied by Texas 
Instruments) was used to measure the temperature of the 
sample. For use with the aluminum samples this thermometer 
was mounted in a small block of aluminum which was milled to 
fit the sample rod snugly and was glued thereto with G.E. 7031 
adhesive• This mount could not be used on the sapphire be­
cause of the large difference in thermal expansion between 
aluminum and sapphire. Therefore, the thermometer was en­
closed and glued in a loop of aluminum foil which then was 
wrapped around and glued to the sample. There was no measur­
able loss of tracking between the thermocouple readings and 
those of the resistance thermometer in the flexible mount. 
The thermometer itself had only two leads, but a pair of wires 
was soldered to each only a short distance away from the cap­
sule. A standard potentiometer circuit then could be used to 
measure the resistance. A Rubicon type 3 potentiometer was 
used to measure both the current and the voltage across the 
resistor. A measuring current of 10 microamps was used except 
for the few readings below 3°K (3000 ohms) for which the cur­
rent was reduced to 1 microamp to avoid ohmic heating of the 
thermometer. 
Vapor pressures of hydrogen (14) and helium (15) were 
used as temperature standards in calibrating the germanium 
resistance thermometer. A paramagnetic salt thermometer was 
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used for interpolation between the vapor pressure points at 
4° and 14°K (16). A master plot of all calibration data was 
made on a log R vs T scale, and a visual best fit was drawn. 
This visual best fit then was used for all temperature read-
o 
ings below 20 K. A thermocouple extrapolation was used to 
o o 
calibrate the resistor from 20 to 30 with uniformly decreas­
ing reliability. 
An IBM least squares fit of log R to a 4th order poly­
nomial in T was found to be an unsatisfactory description of 
the curve, as the errors between the calculated curve and the 
drawn graph exceeded one degree - Table 2 shows selected 
points from the resistance thermometer calibration graph. 
Table 2- Resistance thermometer calibration 
Temperature Resistance Temperature Resistance 
2°K 36,000 ohms 10°K 13 5 ohms 
3 4,650 12 59 
4 1,250 14 74.6 
5 630 16 59.2 
6 382 18 47.8 
7"~ 266 20 39.0 
8 200 30 19 
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Resistance temperatures could be measured and read from the 
graph to a precision of about l/50°K, but the accuracy of the 
calibration was no better than l/20°K from 7° to 16°K, and 
perhaps not this good above 20°K. Systematic temperature 
errors are evident in the expansion data on aluminum and 
copper. 
Dewar 
The dewar system was designed with two main objectives: 
to provide a long tail for the sample and measuring coil 
assembly with adequate liquid helium storage above it, and 
to assure smooth lowering of the assembly to -the bottom 
without danger of jarring the alignment. A relatively large, 
3 inch, throat was included. 
Fig. 3 shows the dimensions and the nature of joints of 
the dewar. Aluminum foil was wrapped on outward facing sur­
faces in both vacuum spaces to reduce radiative heat transfer. 
The helium dewar neck, however, was left unwrapped to avoid 
the additional heat conduction path. To obtain the nested 
sizes of thin walled cylinders, it was decided to experiment 
with rolled, heli-arc welded type 321 stainless steel sheet 
stock, except for the innermost 3 in. x 0.030 in. wall seam­
ies s pipe. This decision proved time consuming and expensive 
because of the difficulty of obtaining tight lengthwise seams. 
If the dewars were to be made over, the base plates of both 
Fig. 9. Dewar system with measurement assembly in place 
Note difference in vertical and horizontal scale size 
A. Soft solder joints 
B. Hell-arc welded 
C- Silver solder 
D. All stainless cylinders rolled and welded except 
for central 311 x .030" pipe 
1• Adjustment rod (removed during run) 
2. Access for level dip-sticiv with "0" ring fitting for 
manometers 
3. Nitrogen bath pumping line 
4. Inner dewar pumping line and vslve 
5. Outer dewar pumping line and valve 
6. Electrical connections - two more plugs not shown 
7. 3/8" access for transfer tube and manostat sensing line 
8. "0" ring seals 
9. Helium bath pumping line 
10. Nitrogen level float and indicator 
11. Corked nitrogen transfer hole 
12. Radiation baffle and heat station 
13. Copper "neck" 
14. Nitrogen (solid during run) 
15. Holes for He to enter extra storage volume 
16. He level with radioactive float 
17. Sealed off sample chamber pumping line 
18. Styrofoam spacers to dewar wall 
19. Variable transformer 
20. Quartz spacer and mylar diaphragm 
21. Brass rods 
22. Evacuated sample chamber 
23• Support tube 
24. Charcoal "trap" 
Helium dewar 10 liters to top; average use 8 liters 
including cooldown 
Nitrogen dewar 7 liters ; used 10 to 15 liters/day 
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DEWAR SYSTEM 
y L-„ ' 
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ouuer dewar cans would be so it so lu ere d instead oi ixeli—ax-o 
v;elded. This would permit visual checking for proper clear­
ance between dewar walls before making the final vacuum seal• 
The liquid helium evaporation ra te from the dewar was about 
1 liter of gas per minute, or 100 cc of liquid per hour. 
Manostat 
One accustomed to the normal, macroscopic world would 
assume that nominal pressure changes on the sample chamber 
would not appréciacly affect the thermal expansion measure­
ment. A simple calculation quickly shows this assumption to 
be wrong. Suppose, for example, that an aluminum sample 15 
cm long and 1/4 in. in diameter supports about 1/2 cm^ of 
the flexible diaphragm of the evacuated sample chamber. If 
11 2 the Young's modulus for aluminum, Y, is ? x 10 dynes/cm , 
A is the sample cross-sectional area, end the compressional 
force is that of a pressure P acting on a diaphragm area S, 
then: 
AL/P = SL/AY 
= O.ôcm^ x 15cm x 10®dyne cm-^etmos-^"/0.•3cm'c x 7 x lO^^dyne ci 
= -3.6 x 10-ocm/ atmos 
Therefore, a change of only 3 x 10~4 atmos, or 200 microns of 
mercury, produces a compression of 1 angstrom, the planned 
sensitivity of the expansion measurement. Furthermore, the 
above calculation neglects the possible effects of pressure 
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on tne measuring colls tnemselves, tnougn this should be 
small cecause of symmetry. It also neglects the compress­
ibility of the sapphire-sapphire junctions at each end of 
the sample. Direct measurements of the compression gave a 
value about eight times as large as that calculated, but these 
measurements were complicated by thermal expansion of the rods 
connecting the variable transformer to the sample chamber. 
It was decided, therefore, thet pressure regulation to 
within 20 microns of mercury would be desirable. Furthermore, 
this degree of regulation should be maintained throughout a 
range of £ as flow rate from 2 to 4 liters (KTP) per minute• 
This range corresponded to the estimated evaporation rate 
variation with changes in power inputs to the sample end the 
measuring transformer. The exact mean pressure was, however, 
unimportant es long as it corresponded to a temperature below 
the helium lambda point. Also, there was no foreseeable need 
to change the regulation pressure once established. A bor­
rowed electronic temperature controller (17) v.as tried, but 
the equivalent necessary temperature control of 3 x 10~^ 
degrees near 2°K was not achieved. It was decided to build 
a purely mechanical pressure regulator of the cartesian mano­
stat type (16). 
Fig. 10 shows the essentia 1 features of this type of 
regulator. The volume under the bell is connected by the 
sensing line to the volume whose pressure is to be regulated, 
Fig. 10. Giant cartesian manostat pressure regulator 
GIANT MANOSTAT 
CONTROL 
VALVE 
VACUUM 
GAUGES 
TO BACKING (X 
VACUUM 
SENSING LINE 
TO TO 
DEWAR PUMP 
P,: VACUUM 
OIL 
LEVELS 
IRON 
BALLAST 
(140 LBS. TO DEWAR o 
X VALVES ON 3/4" LINES 
X) VALVES ON 3/8 LINES SUPPORT FRAME NOT SHOWN 
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in this case the helium dewar. The pressure inside the bell 
can increase until sufficient oil is displaced to just float 
the bell. If this pressure tries to increase further, the 
bell floats higher. This opens the central control valve, 
thereby increasing the pumping rate on the dewar. 
The following definitions are useful for a quantitative 
study of the manostat operation: 
Aj = the horizontal area of the top of the bell 
Ar. = the top area inside the bell, less that part covered 
by the control valve assembly 
A3 = the horizontal area inside the control valve shield 
w = the horizontal cross-sectional area of the vertical 
wall of the bell 
Pj_,P.>,Pg = the pressures acting on the corresponding A1 s 
k = the total mass of the bell (including valve shield) 
D = the oil density 
V = the volume of oil directly displaced by solid bell 
parts, i.e. the volume of bell parts below the oil 
levels 
x = the vertical displacement of the bell from "closed 
valve" position 
F = the gas flow rate from the dewar through the 
manos tat 
By definition: 
Aj_ = A/, + A3 + w . 
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At equilibrium the upward and downward forces must be equal• 
+ tig = P 2*^ 2 + P.3A3 + DV 
Pg is considered an average pressure under A3, although the 
pressure actually may vary considerably in the region under 
A3 when the vslve is nearly closed. As long as the bell is 
floating, so that the position of the top oil level remains 
very nearly constant : 
V = V0 - wx , 
where V0 is the closed-valve value. Furthermore the flov- rate 
througn the control valve can be written as: 
F = cx , 
where c depends mainly on the valve design end is Also 2 
function of the supply end pump pressures, pumping line size, 
etc. 
The ocject of a manostat is, of course, to allow a min­
imum change in dewar pressure (which is made equal to Pg by 
the sensing line) when the evaporation rate, F, changes. Thus 
one would like to minimize the quantity : 
2^ _ wD + 1^ ^ 1 _ 3^ ^ 3 
dF Age Ag di?" Ag dF 
Therefore the giant manostat was designed with a large Ag 
(400 in.^), a small A3 (2 in.~), a small w (4 in.*'}, a small 
D (oil specific gravity about 0.75), and a fore pump vacuum 
for P]y Since P3 differs from Pg only by the pressure drop 
in the pumping and the sensing lines, these lines were made 
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large 11 In. dia. ) . From "Che static analysis given above one 
would conclude "Chat a quick-opening valve, with large c, 
would be in order. However, in the real case it is necessary, 
if oscillation is to be avoided, that the time for the pres­
sure to respond to changes in the bath pressure via the 
sensing line be smaller than the time required for the bell 
to move far enough to change the flow rate appreciably. A 
trial and error compromise on valve design was a cone fitting 
into the pumping line (see Fig. 10). A quarter of an inch 
change in the bell height changed the flow rate by about a 
factor of two. The total allowed travel was about one inch. 
During several helium runs the giant manostat did indeed 
maintain the pressure constant within 20 microns of mercury 
at an operating pressure which corresponded to a bath temper­
ature of 1.89°K. 
Sensitivity and Moise 
The usable sensitivity of a mutual inductance measure­
ment depends on: the size of the off-balance signal; the 
noise, random and otherwise; and the stability of the bridge-
One can easily estimate the voltage induced in the 
secondary by a mutual inductance imbalance. Suppose that an 
ac measurement is made at a frequency UJ/2'7T of 250 c/s with 
a primary current I of 10 ma (rms). For a mutual Inductance 
off-balance k of 3 x 10-^ (corresponding to 1 angstrom coil 
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motion) the voltage induced in the second?ry is: 
V = k I CJ = -5 x 10"9 x 10"2 x 21T x 250 
a 5 x 10~S volt. SI 
If the impedance of the secondary circuit is 50 ohi.;s, this 
voltage will produce a current of 1 x 10"" " amp. This current, 
_Q 
in turn, produces 2 x 10 volt across the 20 ohm impedance 
of the input transformer to the amplifier. The hundred to 
one turns ratio of the transformer magnifies this voltage 
to 2 x 10""® volt, and the narrow band amplifier boost? it by 
5 
a. factor of 10 to 0.c volt. Since this signal voltage is 
inversely proportional to the secondary circuit impedance it 
was necessary to cancel the reactance of the secondary coil 
(•300 mh x 21t x 250 = 470 ohms) with a 1.5/% f series capaci­
tor. To reduce the necessary oscillator voltage it was 
experimentally convenient also to resonate the 2.-3 henry 
primary winding with a 0.15 /A. f series capacitor. 
It is not simply the size of the off-balance signal which 
matters, since this in principle can be amplified indefin­
itely, but its size relative to noise in the system. Random 
noise is produced by thermal fluctuations of charges within 
the elements of the circuit and is known as the Johnson 
noise (12). The theoretical value of the mean square thermal 
noise voltage is: 
e 2  =  4 R k T A f ,  N i  
where R is the resistive part of the circuit impedance, k is 
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Boltzman1s constant, T is the absolute temperature of R, and 
Af is the bandwidth considered - in this case the bandwidth 
of the tuned amplifier. Frocably the fairest way of looking 
at the circuit is from the viewpoint of the amplifier, looking 
backward through the input transformer. Suppose that the 
secondary circuit consists of 7 ohms at 300°K and 15 ohms at 
£°K. The contribution of the cold element is negligible; 
but seen through the transformer, the 7 ohms becomes 7 x 104 
ohms. To this must be added the secondary winding resistance 
(104 ohms) of the input transformer itself. Substitution in 
order into (Nl) then gives a thermal noise of: 
e^  = 4 x 8 x 10~ x 1.4 x 10"^  x 3CO x 5 
= 7 x 10"15(volts)2 ; 
or 
e = 8 x 10~® volt at the amplifier input . ME 
Noise is produced also by fluctuations of the KE balance 
with changes in oscillator frequency or voltage. This essen­
tially random but somewhat controllable source was reduced 
to a generally ignorable value by using an oscillator with 
a regulated hign voltage supply and, in addition, by preced­
ing it with a line voltage stabilizer. 
A very serious contribution to the random noise comes 
from the tuned amplifier. The measured equivalent input 
noise of the amplifier was about 1 x 10~® volt. The pre­
dominance of amplifier noise over the thermal noise of the 
secondary circuit (equation N2) shows an error in the choice 
of input transformer (10), but a well shielded transformer 
with higher turns ratio was not available in this frequency 
range. Comparison of the total random noise with the esti­
mated signal voltage at the amplifier input, 2 x 10~® volt/ 
angstrom, shows that one could not expect to balance the 
bridge to less than 1/2 angstrom under the conditions assumed 
for equation (SI). 
It is interesting to note that this precision of measure­
ment would not be possible at room temperature. If the coils 
were at -300°K instead of 4°K the increased resistance of the 
secondary circuit would reduce the off-balance voltage reach­
ing the amplifier to 7 x 10~® volt. At the same time the 
random thermal noise would increase to 1 x 10~® volt. One 
could then expect to balance the bridge to no better than the 
equivalent of 20 angstroms coil motion. 
The usable sensitivity of the mutual inductance measure­
ment is limited also by non-random noise. The major non-
random unwanted voltage was that picked up from the power line 
and from the thermocouple amplifier either by inductive or 
capacitative coupling. One might assume that pickup in the 
primary circuit wouxd not be important because at balance 
there is no net coupling between primary and secondary. 
Unfortunately, the balance of the bridge was somewhat fre­
quency sensitive. Therefore a balance at the signal frequency 
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did not provide zero coupling for the various possible pickup 
harmonics. All bridge components were therefore designed to 
be astatic to di stant field sources. One could in principle 
design the bridge components so that increasingly complex 
external fields would be canceled out, but in the process the 
desired internal effects tend to be canceled also. 
Capacitance pickup was found not to be a serious source 
of noise. However, it was necessary to shield most parts of 
the bridge electro statically in order to minimize the possible 
change in capacitétive coupling between parts of the bridge. 
This coupling between primary and secondary, or between parts 
of either loop, in effect shorted out part of the mutual 
inductance being measured. Therefore, any change in the 
capacitative coupling could change the measured inductance 
value. In spite of all precautions, the pickup of voltages 
related to the power line was considerable. This made the use 
of the narrow band amplifier necessary, and even after a 
thousand fold relative attenuation, the non-random pickup 
voltage often was equivalent to the signal from 2 to 1C 
angstroms motion of the variable transformer coils. For­
tunately it is possible to "see " a signal in the presence of 
consistent pickup noise which greatly exceeds the signal. 
This can be done on the oscilloscope either by synchronizing 
the trace with the signal frequency and looking for the signal 
as the envelope of the pickup blur; or, in extreme cases, by 
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synchronizing the trace with the pickup and treating the 
signal as a "noise" perturbation to be minimized. This latter 
method has great sensitivity, but sacrifices the information 
as to which bridge adjustment, inductive or resistive, is 
needed. 
One other source of non-random noise, vibration, should 
ce considered. This is considered here as a non-random, rather 
than random, noise because the mechanical resonance of the 
dewar system gives it a decidedly periodic character. Vibra­
tion can affect the measurement directly by producing momen­
tary forces on the sample or on its supports; or it can change 
the mutual inductance indirectly by motion of nearby mate­
rials. Since the fields of the variable transformer coils 
are affected by the presence of any sizable electrical conduc­
tor within about a 6 in. radius, the motion of such a conduc­
tor can produce variations in the mutual inductance of the 
coils. Thus any motion of the transformer within the inner 
dewar, or of the inner dewar within the outer one, could cause 
a change in the mutual inductance, and hence in the apparent 
sample length. To reduce this motion the coil assembly was 
wedged into the inner dewar with styrofcam spacers, the 
nitrogen bath between the dewars was solidified by pumping a 
vacuum on it, and the dewar system was shock, mounted. These 
precautions generally kept the vibration noise below signifi­
cant levels. 
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The usable sensitivity of a mutual inductance measurement 
can obviously be increased either by increasing the signal, 
or by decreasing the noise. Let us consider the possibilities 
for the former with reference to equation (Si), V = K I U . 
The easiest method to increase V is certainly to increase 
the primary current I. There are two limitations to this 
approach. Ar; increase in primary current increases the helium 
evaporation rate and decreases the time allowed to obtain 
data• The power dissipation for a 10ma primary current was 
about 12mw. This would evaporate only 0.-3 cc of liquid helium 
per minute, but a voltage increase of 10 requires a power in­
crease of 100. The second limit is simply the voltage across 
the primary coil• A 60ma current produced about 100 volts 
across the resonated primary. Primary currents of 30 to 60ma 
generally were used instead of the lOina of the calculations. 
The other convenient possibility for a signal voltage 
increase is an increase in the frequency i*> . However, there 
are more serious disadvantages to this approach. Narrow band 
amplifiers of the type used here have a bandwidth which is 
not acsolute, but is proportional to their center frequency. 
The increase in bandwidth associated with an increase in fre­
quency increases the random noise, according to equation (El). 
Moreover, as tne bandwidth is increased it becomes harder and 
harder to avoid amplifying an important harmonic of the non-
random pickup. And finally, the most definite frequency 
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barrier is the steadily increasing importance of strsy capaci­
tance. It was found by trial and error that 33 cps v;as too 
low for sensitivity and convenient response time ; 1000 cps 
was too high for capacitance effects ; end any frequency near 
60, 1>0, or 180 cps led to serious pickup trouble. A fre­
quency of 255 cps proved reasonably satisfactory. 
The third means of effecting an increased voltage output 
for a given displacement is to increase h by increasing the 
mutual inductance sensitivity of the coils. This is not as 
simple as it might seem, however, because a more sensitive 
coil could be expected to produce more noise end pickup. The 
coil designer must consider the coil resistances end the need 
for uniformity of primary field es well as the sensitivity. 
The final factor determining the usable sensitivity is 
the electrical end mechanical stability of the system. Ihe 
mutual inductance bridge was electrically quite stable. Its 
drift rate was generally less than 3 x 10*™" henry (one ang­
strom equivalent) per hour, and was not greatly effected by 
changes in input current or frequency. Much of this stabil­
ity was the direct consequence of the design of each component 
of the system to operate as close to zero absolute mutual 
inductance as possible- Thus, dimensional changes of the 
bridge components witn tempe rature or humidity affected the 
measurement only in the same proportion as the change itself. 
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The variable transformer, too, was equipped with an adjust­
ment screw which could be turned even after the transfer of 
liquid helium = This permitted mechanical centering of the 
secondary to within + 1 micron of the zero mutual inductance 
position. The remaining mutual inductance was balanced with 
the large (+ 1.5 x 10~4 henry) inductor. This was the only 
bridge component which operated at more than a few micro­
henries from zero, and it was kept in a separate box insulated 
by 2 inches of styrofoam and exploded mica. 
The major causes of drift are external to the bridge. 
Here "drift" refers to any slow change in the measured sample 
length not produced by variation in the temperature of the 
sample. A real but small drift in the sample length is caused 
by the decrease in hydrostatic pressure on the sample chamber 
as the liquid helium evaporates. The estimated drift from 
this source is about S angstroms per hour and depends some­
what on the power inputs to the sample and to the variable 
transformer. Drift could occur also if the rods connecting 
the sample chamber to the variable transformer were to change 
temperature, but this possibility was eliminated by the pre­
cise pressure-temperature control of the helium bath. 
Since changes in primary circuit current or frequency 
affect the mutual inductance of the variable transformer, slow 
changes in these parameters can cause drift. The unwanted 
frequency sensitivity is difficult to measure because of the 
use of a tuned amplifier, but is roughly 25 %./cps. The oscil­
lator frequency drift is less than 1/5 cps/hr. The variation 
in the mutual inductance with primary input voltage change, 
on the other hand, is about 1.4 "turns" (80 angstroms) per 
volt. Since the average oscillator setting was 4 volts, this 
effect could contribute perceptibly. 
Just as rapid movement of conducting materials near the 
transformer is a source of noise, slow movement or a change 
in the resistivity of nearby material is a source of drift. 
A change in resistivity can in turn be caused by a change in 
the temperature distribution of the metal dewar walls. 
Temperature changes of the dewar walls can be reduced by main­
taining a constant evaporation rate of the helium bath, but 
some temperature change is inevitable as the helium liquid 
level gradually falls curing the run. It is very difficult 
to locate a source of drift exactly, but the temperature 
variation of the dewar walls seems to be the major cause of 
the instability of the measurements. 
In the final analysis, it was the drift, not the signal 
to noise ratio, which limited the usable sensitivity of the 
present apparatus. As the earlier calculations indicate, 
instantaneous mutual inductance balances corresponding to 
less than 1/2 angstrom were possible, but the unpredictable 
drift during the time needed to obtain stable sample tempera­
tures often was more than this amount. 
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EXPERIMENTAL PROCEDURE 
An experimental run usually required about 24 hours, 
equally divided between preparation and low temperature time. 
Preparation began with inspection and replacement, if neces­
sary, of the 0.002 in. thick mylar diaphragm on the sample 
chamber. Old glue was removed with a wire brush. Armstrong 
A4 epoxy cement mixed wit.a activator E was applied sparingly 
after all surfaces had been cleaned with acetone. The cement, 
squeezed transparently thin, hardened when cooked for 90 
minutes by a 250 w heat lamp 8 to 10 inches away. 
The ends of the new sample were squared with a V-block 
and sandpaper, and the 30 ohm, tapped mangsnin wire heater 
was wound and glued on it. The sapphire end discs, thermo­
couple, and germanium resistance thermometer also were glued 
on with G-.E. 7031 adhesive, taking cere to avoid contact 
with a heater wire. When the sample was mounted on the 
chamber base, it appeared as in Fig. 7b. The length of the 
sample chamber was adjusted with allowance for differential 
contraction between the sample and the chamber. Wood's metal 
was used to seal the sample chamber after the sapphire discs 
had been swabbed until spotless. Rubyfluid flux worked well 
for the base joint, but stainless steel flux was needed on 
the sleeve. For both, a soldering gun was superior to a 
torch. 
The sample chamber then was mounted below the variable 
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transformer, and the spacer and. pumping lines were installed 
as in Fig. 7a. An adjustment of the nuts on the brass sup­
port rods aligned the chamber and the quartz spacer with the 
transformer. After the chamber had been evacuated, flushed 
with nitrogen gas, and pumped out again a few times, the glass 
was sealed off and the pumping line was removed. The assembly, 
with spacer adjustment rod and helium transfer tube in place, 
was lowered by a wire into the dewar to cool. A small amount 
of nitrogen exchange gas was used in the inner dewar to in­
crease the heat flow rate into the surrounding nitrogen bath. 
The temperature of the assembly was monitored by a thermo­
couple • Cooling to 80°K required 4~ to 8 hours. 
Liquid helium was transferred slowly through a long 
transfer tube reaching to the level of the bottom of the 
sample chamber to make maximum use of the cold evaporating 
gas for cooling the chamber, transformer, and dewar. A s tyro-
foam float,free to move in the helium dewar, contained a 40 
microcurie specK of Co®° sealed in a piece of stainless steel 
capillary. The helium liquid level was followed to within one 
inch by locating the position of this radioactive float with 
a geiger counter outside the dewar. About an hour was used 
to transfer the 7 to 9 liters needed for a run, but trans­
ferring faster would have saved no time since the hour was 
also needed for the sample to cool from 77° to 4°K. when the 
transfer tube was removed, the sensing line for the mano stat 
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was placed In the same opening in the top plate. The variable 
transformer mutual inductance was brought within the range of 
the bridge using the spacer length adjustment screw; then the 
adjustment rod, too, was removed. At this time, no mechanical 
contact other than the surrounding dewar remained between the 
measurement assembly and the laboratory. As long ss the dewar 
tail remained at constant temperature, the stress on the 
assembly could not change. 
Cooling the liquid helium through the lambda point to 
about 1.9°K, required another hour. Meanwhile, the nitrogen 
bath was solidified by pumping a vacuum on it. When the 
helium pressure finally reached a point just below the 1.71 
cm of mercury regulation pressure, the sensing line to the 
manostat was opened and the valve bypassing the manostat 
control valve was closed. Only a few minutes were required 
for the manostat to establish pressure regulation, but still 
another hour passed before the temperature distributions in 
the dewar walls stabilized sufficiently to allow worthwhile 
data to be taken. From 4 to 7 hours then were available for 
the taking of data. 
Primary data were taken under the following headings : 
resistance thermometer current and voltage (temperature), 
differential thermocouple (temperature), mutual inductance 
(length), sample heater current (power), and bath heater cur­
rent (power). In addition, the helium bath pressure, helium 
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evaporation rate, liquid helium level, manometer backing 
vacuum, and bridge primary voltage were periodically recorded. 
Usually at least two people ran the equipment. This made 
possible simultaneous measurement of temperature and length 
so that extreme stability of sample temperature was not neces­
sary. Measurements at a reference temperature, usually near 
3°K, were alternated with readings at higher temperatures. 
The reference temperature was chosen sufficiently low so that 
errors in the temperature would produce negligible errors in 
ûhe length, yet high enough so that the time required to cool 
bac& down to it was not excessive. Many times the first and 
last readings, usually about 10 minutes apart, would agree 
within 1/2 angstrom; but at other times they differed by 5 or 
6 angstroms. Larger variations usually indicated a discon­
tinuous jump rather then a continuous drift. If the reference 
length readings differed by more than of the intermediate 
length change, the point was discarded. The average length 
change of each good point was plotted against the differential 
thermocouple reading or, when a third experimenter was a.vail-
2 
able to calculate resistance temperatures, against T . The 
resulting graph, similar in appearance to Fig. 11, was used 
to choose the temperatures for subsequent points and to esti­
mate the sample length at 0°K. Ko temperature sequence was 
followed except that concentration was placed on low tempera­
ture points when the equipment seemed to be most free of 
Fig. 11. Linear thermal expansion of aluminum, copper, and 
sapphire samples 
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drift. 
For both aluminum and copper the thermal expansion ex­
ceeded the range of the bridge by the time the temperature 
o 
reached about 14 I. However, when time and patience per­
mitted, a new reference temperature could be chosen near the 
bridge maximum, and, while a stable sample temperature was 
maintained, the bridge range could be shifted up by adjustment 
of the large, uncallbra ted inductor. Expansion measurements 
then could be made with respect to the new reference length. 
At the higher temperature, however, stability of the refer­
ence temperature was critical. In principle the bridge range 
could be shifted up many times as was done in the calibration 
procedure, but in practice adequate temperature stability was 
not achieved above 20°K. 
when the helium liquid level neared the top of the vari­
able transformer, the end of the experiment was signalled by 
a rapid increase in drift. 
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THEORY 
The study of the thermsl expansion of a solid is a study 
of the enharmonic character of its binding forces, for if the 
displacement energy of the solid were harmonic, there would 
be no change in average position of the lattice points as the 
amplitude of vibrations increased. (The harmonic solid must 
be distinguished from one in which simply the nearest neigh­
bor forces are harmonic. This model can be shown to have a 
negative coefficient of expansion at ell temperatures (13).) 
The anharmonicity of the binding forces can be described by 
either of two methods. In one case a general form, e.g. a 
polynomial, is chosen to describe the forces in the solid 
as a function of the lattice spacing. The time average lat­
tice spacing is then calculated es a function of temperature, 
and the arbitrary constants are evaluated by experimental 
measurement of the thermal expansion (1^, 20). The second, 
and far more popular, method is to describe the enharmonic 
nature of forces indirectly in terms of a volume dependence 
of the various terms in the lattice frequency distribution. 
The occupation and relative importance of these terms can then 
be studied as a function of both the tempereture and the 
volume of the solid. The chief power of this method lies in 
the application of mathematical relations already developed 
in thermodynamics and statistical mechanics. 
A convenient starting point for a discussion of the 
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theory of thermal expansion is given by the thermodynamic 
identities (21): 
CtD t=(TI)v  
end 
A combination of these gives 
/3 -/ 2s 
Kip 
T-3 
where Q = ^  jpSnd ere the volume coeffi­
cient of thermal expansion and isothermal compressibility, 
respectively. 
The major temperature dependence of ^  occurs through 
the { è S/ d V)t term since K<p is nearly independent of temper­
ature for most solids. 
If there is more than one source of entropy, clearly 
may be expressed as 
â-JÀ l i )  
kt ( à '< / I (77^/T 
This demonstrates then that the thermal expansion may be 
calculated as the sum of independent expansion calculations. 
The major application of this separation is in the study of 
metals, where the lattice and electronic contributions are 
conveniently studied separately. An additional magnetic con­
tribution sometimes becomes important. 
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In the study of the lattice contribution to the thermal 
expansion it is common to assume that the entropy can be 
written es a function of 8/T, that is 
SL = 3N k f(Q/T) T5 
in which 0 is approximately independent of temperature and 
contains the volume dependence of Sl« 9 is a characteristic 
of the solid under study. 
By definition 
=L - 1 T6 
where Cj_, is the lattice contribution to the specific heat at 
constant volume. L ^ hen can be written as 
ft L = CL #L 
KT vCTTfJ 
T? 
where 
T3 
Since the contributions to thermal expansion have been shown 
to be additive, one may further separate the above discus­
sion of lattice thermal expansion into the sum of contribu­
tions from each possible vibrational mode of the solid. 
Equation (T7) may then be written as (2c) 
/3 L = tflPh To 
KT V 
where 
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ana 
Here is the frequency of the ith mode end Cj_ is the 
contribution of this a,ode to the lattice specific heat. The 
^ j_ are functions of volume only, but the temperature de­
pendence of the Cj_ gives g temperature dependence to the 
weighted average Yl,. Equation (T9 ) is known as the 
G-rueneisen relation between the thermal expansion and the 
lattice specific heat at constant volume. 
From equation (TIO) one sees that Y^ will be a constant 
if all the are equal, or if all the Cj_ are the same. At 
low temperatures the behavior of many solids approaches that 
of the Debye continuum model. For this model the ^j_ are all 
equal and the thermal expansion may be expected to follow the 
specific heat exactly. At high temperatures the classical 
equipertition of energy brings the Cj_ to the same value, and 
again is a constant. The high and low temperature Yi_? s 
are generally different, however, because the weigh the 
various portions of the 9i spectrum differently in the two 
limits. 
The maximum variation of De expected at tempera­
tures for wnich a change in V produces a large shift in the 
population of the levels 9 ±• The size of the calculated 
change in depends critically on the model chosen, but 
the transition region is around Q^/o for many models (2-3). 
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Since a change in volume can be produced either by-
temperature or pressure, it is necessary in experiments! 
measurements of Yl "to distinguish carefully between C]_,, the 
lattice specific heat at constant volume used above, and Op, 
the directly measured specific heat at constant pressure. If 
Y l is to carry the entire volume dependence of it is 
necessary also to refer a.l _ specii'ic heats to the same volume, 
usually ta,i en as tne volume at T = 0°K. 
In the study of thermal expansion of metals a second term 
is required in equation (T4) to include the contribution of 
the conduction electrons to the entropy. The specific heat 
of an electron gas is, like that of the lattice, a sum of 
many similar terms. The total electronic specific hert r?er 
mole is, at low temperatures, 
__2 o 
Ce = V rJ.e f)T Til 
where n( é ^  ; is the total density of states per unit volume 
evaluated over all bands rt the Fermi energy £ p. Since 
Ce= T ce = 3e- Therefore 
/3 e _ f è se ^ = £e [~-j + f ^  1R K ( 6 F ) \  ^ Ys'^ e 
Kr \ ' T V i ^ a In V ) TJ - v 
tie 
For the free electron model Ye = 2/3. In the more general 
case (El), 
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H Gin n( 6 F) 
( 1 + 
a In V 
âln N 
) i^\T IV n( £ r.)^  
) din V/fp,T p Vn( 6F)'3 
/ dn( fey) X 
V ^ Z ,  
/^n( ^ p)X 
v^rz 
T13 
T14 
Equation (T4) ther. ce corne s 
£ - jù^  . l<£e 
K T  v T V ' 
For most metals only these two terms are needed. Therefore 
calculation of the thermal expansion requires calculation or 
measurement of: Kij, and V, which are nearly constant ; 
Ï 
-Ed : 
a. Ini/i 
d In V anc 
2_ ui 
j (£In n( CF) \ 
«e ~ 1 + t  ^In V /T; CL en 
n ve • 
The lattice specific heat of most substances is given, 
=.t sufficiently low temperatures, by the Debye model limit of 
CL = is 
34  K  k  i k )  T15 
The Debye model itself gives this value for temperatures up 
to (Gp/1£). However, non-continuum models, and experimental 
measurements, indicate that the range of T"5 behavior may be 
only as far as ôp/50, perhaps even less (£4). Measured lat­
tice specific heats of Al&Cu, for example, deviate somewhat 
from T^  dependence above 1^ ° to 14°K, ( 6^ /30) ( c.5, £6). 
Ce must in general be determined by experimental meas­
urement . The predicted direct proportionality to T is 
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assumed, however, to hold true end deviations of the total 
specific heat from a sum of T and T'^ terms is assumed to be 
caused by the lattice contribution-
In summary, at low temperatures one expects the coeffi­
cient of thermel expension for a metal to be of the form 
p = CXT + C2T'3 . Tic 
If the metal studied is isotropic, e.g. cubic, the linear 
expansion coefficient, 
can be expressed in the same form 
dC = aï + cT3 . -17 
If the experimental measurement is of the accumulated length 
change, the data must take the form 
L 
~ 
L° = I flC QÎ = AT2 + BT4 T18 
o 
where A = s/2 and S = b/4. Here A may be expected to be 
constant throughout the range that it can be distinguished 
from the much larger T4 term; and 3 will be constant only as 
lon£ as the lattice specific heat is proportional to T . 
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RESULTS AND ANALYSIS 
Table 3 lists the samples on which measurements were 
made. All were 1/4 inch in diameter. 
The assorted aluminum samples were chosen to determine 
the effect of the physical state on the crystal on its thermal 
expansion. The copper sample was measured for comparison with 
the results of the capacitance technique measurements. Since 
sapphire end pieces were used on the other samples, it was 
felt necessary to verify that their contribution to the 
measured thermal expansion was negligible. It had been 
l'acle <3. Thermal expansion samples 
Sample 
number Description of sample 
Length at 0°K 
(without sapphire 
end pieces) 
1 Aluminum, single crystal 4 fold 
axis 24° from rod axis 14.30 cm 
2 Aluminum, swaged rod 14.42 
3 Aluminum, annealed polycrystal 
(1.5 mm grain size) 14.54 
4 Sapphire, single crystal 
hex axis 60° from rod axis 15.45 
5 Aluminum, polycrystal 
(part of sample #3) 9.83 
6 Sapphire 
(part of sample ^4) 10-06 
7 Copper, annealed polycrystal 
(1 mm grain size) 
12.52 
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planned that sapphire, because of its high Debye 0, alco would 
provide a reliably calculable expansion to check the calibra­
tion, but this proved not to be the case. 
Table:4 summarizes some details of the more successful 
runs. 
Taule 4. Summary of successful runs 
Run 
number 
Sample 
number 
Reference 
temperatures 
Sample 
heater, 
power for 
12°< 
i-.aximun. 
temperature 
measured 
S % (swaged Al.) •5 . 5° K, 1-5. 7° K 36m>; 16.4°K 
11 1 (single Al.) 3.3, 14.%, 17.2, 
19.2 
15 20.5 
1% 3 (poly. Al.; 5.3 24 13.7 
14 4 (sapphire) 3.25 220 22 
16 4 (sapphire j 20.2 (hydrogen) 31 
17 5 (poly. Al.) 3.3, 15.7, 13.3 24 21.6 
IS 6 (sapphire) 3.3 43 31.3 
IS 7 (copper) 3.3 51 14 .7 
When the expansion of a sample exceeded the range of the 
calibrated portion of the bridge, a new reference temperature 
was established, as described in the Procedure chapter. These 
reference temperatures, listed in the table, are roughly S 
"turns", or 540 angstroms, apart. It is obvious from the 
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decreasing spacing of the reference temperatures on run 11 
that the range of the calibrated portion of the bridge must 
be enlarged if data are to be taken at higher temperatures. 
The sample heater column indicates the heat leak from 
the sample on the various runs. If one assumes that the 
major heat leak is through the sapphire-sapphire junctions 
at the sample ends, the heater power becomes an estimate of 
the axia^ force on the sample (13) from the spring loading, 
diaphragm tension, and helium bath pressure. In run 14 the 
differential contraction between the sample holder and the 
sapphire sample apparently pressed the sample very tightly 
against the diaphragm• Since the expansion data were length 
changes, the magnitude of the force on the sample did not 
affect the measurement directly as long as it was constant. 
It was assumed that the diaphragm and loading spring had 
effective spring constants much weaker than the sample, so 
that the force on the sample did not change as the sample 
expanded. The bath pressure was maintained constant to within 
20 microns of mercury, as v;as discussed in the apparatus sec­
tion. 
The heat leak from the sample could effect the measured 
expansion indirectly. An increase in the helium evaporation 
rate affected the measured variable transformer mutual induc­
tance in such a way as to make the measured sample length 
appear to change. On run 14, for example, when the sample 
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heater was switched on, the sample length increased quickly 
(because of the low heat capacity), and th„en appeared to de­
crease again by about 10;* as the increased evaporation rate 
took effect. After this problem was discovered, a compensat­
ing heater was installed in the helium bath to maintain a 
constant rate of evaporation. The effect was not noticed on 
samples of lower heat leak, but may explain some of the 
smaller systematic deviations between runs. 
The analysis of the data on Al and Gu was based on the 
assumption that in the low temperature limit 
(L-L0)/L0 = AT2 + BT4 . T1Q 
Since the measurements were obtained in terms of L - Lr, the 
expansion reference temperature length, it was necessary to 
estimate Lr - Lq• This was done first graphically, and then 
after A and B were approximately known, numerically. 
The two terms of equation (T18) then could be evaluated 
graphically by plotting (L-L0)/L0T2 vs T2 as in Fig. 12. If 
a straight line was found for this graph, the coefficients A 
and B were given by the intercept and slope, respectively. 
Random and systematic deviations of the data can be seen 
more clearly if the data points are subtracted from a smooth 
calculated curve. The resulting deviation plots for four 
different aluminum samples and the copper sample are shown 
in Figs. 13 to 17. In order to emphasize differences between 
samples, the deviations of the data for all four aluminum runs 
Fig. lid. Thermal expansion of en aluminum sample in terms of 
x 108 vs T2 
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Fig. 13. Deviations of the measured expansion of single crystal 
aluminum from the smooth curve of equation Al, 
(L-L0)/L0 = (40.5 T2 + 0.763 T4) x 10-11 
The temperature error bars apply to all four 
aluminum deviation plots. 
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Fig. 14. Deviations of the measured expansion of a swaged 
aluminum rod from the smooth curve of equation Al, 
(L~Lq)/L0 = (40.B T2 + 0.763 T4) x LO-11 
The dashed line corresponds to the zero deviation 
line from an equation In which the coefficient 
is 0.780 instead of 0.763. 
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Fig. 15. Deviations of the measured expansion of a polycrystal 
aluminum rod from the smooth curve of equation Al, 
(L-LqJ/Lo = (40.5 T2 + 0.76.5 T4) x 10"11 
The dashed line corresponds to the zero deviation 
line from an equation In which the T% coefficient 
of 40.5 is replaced by 40.0. 
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Fig. 16* Deviations of the measured expansion of p. polycrystal 
aluminum rod from the smooth curve of equation Al, 
(L-L0)/L0 = (40.5 T2 + 0.76-3 T4) x 10~U 
The dashed line corresponds to the zero deviation 
line from an equation in which the coefficient 
Is 0.775 Instead of 0.763. 
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Fig. 17. Deviations of the measured expansion of a polycrystal 
copper sample from the smooth curve of equation A2, 
(L-L0)/L0 = (8.5 T2 + 0.725 T4) x 10"11 
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were taken with respect to the equation which best fitted the 
low temperature region of the single crystal sample. This 
equation was: 
(L-Lo)/L0 = (40.5 T2 + 0.765 T4) x 10"11 . Al 
F~>r copper the equation which fitted the lower temperature 
portion of the graph was: 
( L - L q ) / L0 = (3.5 T2 + 0 . 7 c 5  T4) x 10"11 . A2 
Three general types of deviations are evident on these graphs: 
random errors, systematic errors, and real effects. 
The random deviation of points froa. the dotted smooth 
curve corresponds to less than one angstrom error in the 
experimental length measurement. The vertical size of the 
points themselves roughly represents the instantaneous bridge 
balance error. The random errors were largely caused by the 
drift of the system, and, at higher temperatures, by small 
temperature errors. 
The S shaped systematic deviations from 10° to 14°K 
appear on all five deviation plots. These represent data on 
five different samples of different lengths and/or materials. 
The only common factor which can account for such a deviation 
is the temperature measurement. The error bars corresponding 
to +1/20°K in the aluminum equation appear on Fig. 13 and 
apply equally to all four aluminum deviation plots. Corre­
sponding error bars on the copper plot would be very slightly 
shorter. In this temperature range a systematic error of 
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1/20WK easily could have been made in the calibration of the 
germanium resistance thermometer. 
Figs. 14, lb, and 16 indicate still another form of 
systematic deviation. In each figure the dashed lir.e indi­
cates where the zero deviation line would lie if a suitable 
change were made in the constants chosen for equation (Al). 
One might be tempted to jump to conclusions about the differ­
ence in expansion of single crystal, swaged, and polycrystal 
samples. However, Figs. 15 and 16 represent pieces of the 
same sample, and their systematic deviations are in opposite 
directions. This deviation is tentatively blamed on failure 
to maintain a constant helium evaporation rate, since runs 
8, 11, and 12 were made before the importance of this opera­
tion was realized. The change in coefficients resulting from 
these systematic errors represent the fairest way of estimat­
ing the accuracy of the coefficients stated in equations (Al) 
and ( A2 ) -
The final upswing of the aluminum deviations is un­
doubtedly a real effect showing the end of the low tempera­
ture region in which an equation of the form of (T13) can be 
applied- This abrupt rise in the deviation graphs is repre­
sented on Fig. 12 by the divergence of the data below the 
straight line. This deviation of the expansion data is 
qualitatively like that of the aluminum specific heat (25). 
It therefore shows a continuing proportionality between 
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thermal expansion and specific heat of the form of equation 
(T14) even when the lattice specific heat departs from T 
dependence• 
The deviation plot for copper, Fig. 17, shows the same 
random scatter and the start of the same S shaped temperature 
error as appeared on the graphs for aluminum. The abrupt 
downward trend above 12°K is, like the final upward turn of 
the aluminum, real and qualitatively like that of the specific 
heat (26). Its abruptness may, however, be accentuated by 
the temperature error in this region. 
Table 5 summarizes the results for aluminum and copper 
in terms of the expression for the linear coefficient of 
thermal expansion, oC = eT + bT , and compares them with 
recently published values. The error estimates are based on 
graphical estimates of possible lines through the points on 
p p 
the large ûL/T vs T plots used to determine the coeffi-
Table 5. Linear thermal expansion coefficients 
Sample This work White (27) Andres (8) 
aluminum a = 8.1 + 0. 5 X 10"10deg~2 9 + 1 1 1 + 1  
b = •3.0 + 0.1 X 10_11deg~4 2.5 + 0.2 2.2 + 0.2 
copper a = 1.7 + 0.5 X 10"10deg"2 1.6 + 0.4 
b = 2.9 + 0.2 X 10_11deg_4 2.92 + 0.07 
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cients and on consideration or the systems tic deviations evi­
dent in the deviation plots. The coefficients, particularly 
the value of the electronic contribution, a, varied, with the 
judgment of when real divergence from the low temperature 
region began. No advantage was seen in letting s computer 
make this decision. 
Analysis of the data on sapphire expansion was begun, 
p O 
out of habit, by estimating L0 and plotting (L-L0)/T vs T 
as was done for the metals. The expected zero intercept and 
straight line of small slope did not, however, result. The 
expansion was clearly not of the form = BT4. 
Lo 
The data next were plotted on log-log paper to investi­
gate the possibility of some other power law relationship in 
T. A straight line corresponding to a power of 3.3 + .2 fit 
the data from 3° to 20°%. Above 20°K the data obtained in 
two-runs disagreed. Measurements were made from 20° to 30°K 
using liquid hydrogen supported a T' relationship ; while 
the high temperature points of a liquid helium run correspond-
3 0 
ed to T . Temperature measurements for the two runs were 
consistent even if not accurately calibrated. Fig. 18 shows 
3 2 the data of the two runs plotted against T * . The straight 
line corresponds to a coefficient of linear thermal expansion 
of: 
oC = 1.2 T 2 ' 2  x 10"11deg~1 . 
Low temperature specific heat measurements on synthetic 
. m . 3 • 2 
Fig. 18. Thermal expansion of synthetic sapphire vs 
94 
m 
PO 
X 
X 
ro 
m 
x 
CVJ CM 
z  
CO 
K 
Q. 
LU 
CO 
_J 
=> 2 
CM LU 
LU 
CE m 
CL 
CL lO -
CO 
o _  
m m 
CM 
[uio/v] 8oixn/iv) 
sapphire show approximately a T° dependence above about 20°K 
? 
and assume a Debye function (essentially T' ) for lower 
temperatures (28). This would predict a T4 proportionality 
for tne expansion. 
Since the sample rod, though single crystal, was not 
oriented parallel to the hexagonal axis, some of the dis­
crepancy may be caused by the known anisotropy of the thermal 
expansion of sapphire• It is hoped that measurements on a 
new crystal with its G axis parallel to the rod axis will 
clarify the result. 
In spite of the surprising quantitative result, the 
results of the sapphire measurements were useful. The thermal 
expansion of the sapphire end pieces used on the other samples 
was shown to be negligible. As Fig. 11 shows, the expansion 
of the entire rod was only about 10;-i of that of the other 
samples, and the end pieces were less then 2% of the sample 
lengths. 
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SUMMARY 
The study of the thermal expansion of most solids at 
temperatures below 20° K requires the ability to detect changes 
o 
in length of the order of one part in 10". Therefore, the 
measuring device must "see11 one angstrom or less expansion 
for reasonable sample lengths. The device herein developed 
for this type of measurement made use of the change in mutual 
inductance between two ten thousand turn coils of wire as one 
was moved coaxially within the other. The bridge used to 
measure their mutual inductance could detect a change of about 
8 x 10"10 henry. This corresponded to about 1/3 angstrom 
relative motion of the coils. 
The sample was enclosed in a vacuum chamber and thermally 
insulated at each end by a pair of polished sapphires. The 
sample chamber was mounted vertically below the coils by-
three brass rods extending from the outer coil form. Thus 
the position of the bottom end of the sample was fixed with 
respect to the outer coil. As the sample was heated, motion 
of its upper end was transferred through a flexible mylar 
diaphragm on the vacuum chamber to the inner coil. The entire 
sample and coil assembly was immersed in liquid helium at 
l.S°K so that everything except the sample remained at con­
stant temperature. Thus the data represented absolute, rather 
than relative, measurements of the thermal expansion. 
Thermal expansion measurements were made on aluminum, 
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copper, and sapphire in the range of 2U to 30UK. Most of the 
data, were taken in the 4° to 14° region. 
Swaged, polycrystal, and single crystal aluminum samples 
were made from the same high purity s to c £. There was no sig­
nificant deviation among the samples from a mean linear expan­
sion coefficient of (8.1 T + 0.30 T3) x 10~10/°K below 14°K. 
The measured linear thermal expansion coefficient for copper 
was (1.7 T + 0.29 T3) x 10 "^/°K below 12°K. The results of 
tne measurements on both metals were therefore in agreement 
with the theoretically suggested form for the low temperature 
expansion coefficient (oC = aT + bT3). The results on copper 
were in agreement also with published values measured else­
where using a capacitance bridge technique. 
Sapphire was measured to verify that trie expansion of 
the sapphire end pieces used on the other samples was neg­
ligible. The measured linear expansion coefficient <tr = 
l.js T2'^ x 10 ^ /°K below 20°K was very roughly 10;î of that 
of the metal samples. The end effects were therefore judged 
very safely negligible, since the end pieces constituted 
G O 
only 2/i of the total sample length. The T * power depend­
ence of the sapphire expansion was, however, a surprise. 
The accuracy of the above results was limited not so 
much by sensitivity of the mutual inductance measurement, 
corresponding to 1/3 angstrom, as by mechanical and electrical 
instability of the system. The sample temperature was also 
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uncertain by as much as .05° in the 10° to 15^K region 
because of the lack of a reliable calibration for the ger­
manium resistance thermometer. 
The use of a mutual inductance sensor for thermal expan­
sion measurements has a number of attractive features. First, 
it provides a linear measurement. This permits study of 
anisotropic materials. Second, it is well adapted to an 
absolute measurement in which only the sample changes temper­
ature . This eliminates the need for expansion estimates of 
other parts. Third, it allows direct, mechanical calibra­
tion. And fourth, it does not require any precise samole 
dimensions or shapes• Squaring the ends of anything that 
will fit into the vacuum chamber produces a sample. This 
leads to convenient use of single crystals and rapid exchange 
of samples. 
Two notable difficulties are associated with the thermal 
isolation necessary to obtain the absolute measurement men­
tioned above. First, one is restricted to samples whose 
thermal conductivity is high compared to that of the insu­
lators on each end. Otherwise, temperature gradients will 
greatly complicate the data. And second, because of the use 
of a flexible diaphragm on the sample chamber to pass the 
expansion movement, external pressure on the chamber must be 
held very constant in order to avoid varying compression of 
the sample. 
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The apparatus and. procedures developed during the course 
of these experiments should make measurement of the thermal 
expansion from ii°K to k,0°K for a large number of materials 
essentially routine. 
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APPENDIX 
The discussion of experimental apparatus is not complete 
without some suggestions for improvement. Since there is no 
convenient place for These in the body of the discussion, 
this has been left to the Appendix. 
The chief obstacle to obtaining accurate data was the 
drift of electrical instability of the system. Several bits 
of evidence indicated that the metal dewar was the major, if 
indirect, cause of this drift. Ivot only could the resistivity 
of the dewar change with changing temperature distributions, 
thereby varying the eddy current effects, but there was some 
indication of slight ferromagnetic tendencies in the stain­
less steel at low temperatures. An obvious suggestion is the 
substitution of a glass dev.ar system. In the event that a 
dc coil were to be used near the sample (for superconducting 
transition studies) a superconducting shield near the sample 
would be recommended. 
The giant manostat pressure regulator operated satisfac­
torily, but it could be expected to regulate even more pre­
cisely with a simple design change « The present design has a 
large volume under the bell, which slows the response time, 
and a small volume above the bell, which introduces negative 
feedback when the reference pressure is not zero• The regu­
lation therefore could be improved by lowering the top of the 
bell down within the cylindrical wall. The faster response — 
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time would In turn ellow the use of a quicker opening control 
valve • This would further improve the regulation. 
11 is felt that the present design of the variable trans­
former placed too much emphasis on long range linerrity. A 
shorter, fetter coil system could be designed which would 
have higher mutual inductance sensitivity end yet would pro­
duce no greeter random noise. Any deviation from long range 
linearity would be evident immediately in the calibration 
procedure and could easily be corrected for. Electrostatic 
shielding probacly should be used between winding layers to 
reduce frequency dependence effects. 
The need for enlarging the calibrated portion of the 
mutual inductance bridge has already been mentioned. It is 
recommended that the extension be made with (+)(-) switching 
instead of the (•*•) (0) (-) system to reduce the importence of 
stray fields and changing resistance in the (0) position. 
The final suggestion is an improvement which should not 
be made. One might wonder why the bulky air core system was 
used, when an iron core would provide greater sensitivity in 
less space. It was found that the presence of the iron creates 
a number of difficulties. The sensitivity and mutual induc­
tance of an iron core coil assembly depend necessarily on the 
permeability of the iron. This turns out to be a function 
not only of the temperature, but also of the applied primary 
signal current and frequency. A number of attempts were made 
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to extend the range of a commercial unit (Schaevitz Engineer­
ing 060SSL) into the microscopic range by using it in connec­
tion with a mutual inductance bridge and tuned amplifier. 
This unit had a comparable sensitivity to the air core vari­
able transformer later designed and used for the experiment 
in terms of inductance change for a given motion o:' the core. 
It was much smaller, about 1-1/2 inches by 3/4 inches in 
diameter, and had the further advantage of needing no elec­
trical connections to the moving core. But experiments with 
it were abandoned when it was found that a change in input 
7 
current; or frequency of about one part in 10 caused a shift 
in mutual inductance equal to that produced by one angstrom 
motion of the core. Random noise produced in the iron core 
itself also was a limiting factor. 
